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ABSTRACT

We study classical and quantum LDPC codes of constant rate ob-
tained by the lifted product construction over non-abelian groups.
We show that the obtained families of quantum LDPC codes are
asymptotically good, which proves the qLDPC conjecture. More-
over, we show that the produced classical LDPC codes are also
asymptotically good and locally testable with constant query and
soundness parameters, which proves a well-known conjecture in
the field of locally testable codes.
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1 INTRODUCTION

Classical low-density parity-check (LDPC) codes [20], as well as
their quantum counterparts [38], have many important applica-
tions in theory and practice. These codes are represented by sparse
parity-check matrices, where the term sparse usually means that
the corresponding Tanner graphs are of bounded degree. Besides
numerous applications in data storage and transmission systems,
such codes are often used to construct classical and quantum locally
testable codes [1, 17, 32], where the sparseness of a code ensures
the constant-query property, also known as the constant locality.
Informally speaking, a classical locally testable code (LTC) is a code
that comes with an efficient non-deterministic procedure that al-
lows to test with high probability whether a given sequence is
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close to some codeword by looking at a very small, usually con-
stant, number of randomly chosen bits from this sequence. There
are several ways how one can formally define LTCs [21]. In this
paper, we adopt a very simple combinatorial definition (see [35,
Definition 11]) that implies a rather strong form of local testability.
According to this definition, a linear code C C FZ is called (w, s)-
locally testable if it has a parity-check matrix H € qu><n with rows
of weight at most w such that for any vector x € Fg we have

1
~Hx| > 2d(x,0),
m n

where d(x,C) := min.c¢ d(x, ¢), and we denote by d(-,-) and | - |
the Hamming distance and the Hamming weigh. The parameters
w and s are positive real numbers called the locality and sound-
ness, respectively. As we already mentioned above, this definition
implies a strong form of local testability. Indeed, if our test proce-
dure picks uniformly at random a row from H and finds the corre-
sponding syndrome component, then the probability of rejection
rejg(x) = % |Hx| grows at least linearly with the normalized mini-
mum distance 5(x, C) = %d(x, C) from the tested vector x € FZ to
the code C. In fact, for any family of LDPC codes with m = ©(n)
where the the weights of rows and columns in H are bounded from
above by w (such codes are called w-limited), it follows that % |Hx|
can not grow more than linearly with §(x, C) since for every x € FZ
we get |Hx| < w - d(x, C).

In the case of quantum locally testable codes (QLTCs) introduced
in [1], one can give a similar to the above definition if a sparse parity-
check matrix H is replaced by a local Hamiltonian H defining the
quantum code. However, for a quantum CSS code Q (see [9, 46]),
obtained from a pair of classical codes Cx and Cz, it is possible [1,
35] to infer the local testability of Q from the local testability of Cx
and Cz. Let us recall that a quantum CSS code Q of dimension k is
defined by a pair of classical linear codes Cx, Cz C Fg such that
Cé C Cx,and k = dim CX/CZL. Its minimum distanced is defined as
min(dy, dz), where dx and dz are the minimal Hamming weights
of the vectors from Cx \ Cé‘ and Cz \ Cg, respectively. In this
case, we often say that Q is an [n, k,d]4 code. The codes Cx, Cz
are usually represented respectively by parity-check matrices Hy,
H, and the condition Cé‘ C Cx is equivalent to HXH} = 0, where
HZ is the transpose of Hz. It was shown in [35, Lemma 13] that if
a CSS code Q is defined by two classical (w, s)-locally testable codes
with parity-check matrices Hy, Hz, then the quantum code Q is

_Mmx Mz
mx+mz’> mx+mz )’ and

myx (resp. mz) is the number of rows in the matrix Hx (resp. Hz).

Classical and quantum LTCs have many interesting applications
in theoretical computer science since they are intimately related
to a number of important problems in complexity theory [1, 14].

(w, s")-locally testable, where s’ := s min (
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A major open problem is whether there are such codes of constant
locality w, constant rate, and constant normalized minimum dis-
tance, sometimes also known as the ¢3-conjecture (in the context of
classical codes [13]) and gLTC conjecture (in the quantum case [1]).
In this respect, the situation for classical LTCs is much better than
for their quantum counterparts since classical LTCs with almost
optimal parameters have been known for a long time [22]. However,
in the quantum case, even if the property of local testability is not
required, it is still a widely open problem, known as the gLDPC
conjecture [7], to obtain an asymptotically good family of quantum
LDPC (qLDPC) codes, i.e., with the constant rate and normalized
minimum distance. Up until very recently [6, 26, 27, 44], the best
provable lower bounds on the distances of qLDPC codes were, up
to polylogarithmic factors, at most of the order v/ as the number
of qubits n — oo [12, 18, 19, 23, 33, 48]. At the same time, asymp-
totically good families of classical LDPC codes have been known
since their introduction by Robert Gallager in the 1960s [20].

In the current work, we show the existence of classical LTCs of
constant rate, constant locality, and constant normalized minimum
distance. In particular, we prove the following theorem, which gives
a positive answer to the c¢3-conjecture. Let us recall that a classical
linear code C C FZ has the parameters [n, k, d] 4 if k = dim C and

d = mingec\ {0} l¢]-

Theorem 1. For every number R € (0,1/2) and finite field Fq it
is possible to find universal constants s and w such that there exists
an explicit family of (w, s)-locally testable classical LDPC codes with
the parameters [n,k > Rn,d = ©(n)]q asn — oo.

In the quantum case, we obtained a somewhat weaker analog
of the above theorem, given below, which shows the existence of
asymptotically good families of gLDPC codes, not necessarily the
locally testable ones. This gives an affirmative answer to the qLDPC
conjecture.

Theorem 2. For every number R € (0,1) and finite field Fy there
exists an explicit family of quantum LDPC codes over Fq with the pa-
rameters [n,k > Rn,d = ©(n)]q asn — co.

Remark 1. In the case of classical codes from Theorem 1, it is
relatively easy to show that an algorithm, similar to the bit-flipping
algorithm, corrects in linear time any error of weight up to the
constant fraction of the code length n. As for the quantum codes
from Theorem 2, we conjecture that it is also possible with a variant
of the small-set-flip decoding algorithm from [36] (see also [18]).

The codes from the above two theorems are obtained using the
recently introduced lifted product construction [44], which can be
seen as a generalization of the (tensor) product construction for
classical codes [3, 39] and the hypergraph product construction
for quantum codes [49]. This product operation was also given in
a more general form in [6] and connected to the balanced product
operation from topology. These constructions are best understood
in terms of homological algebra?.

Note that if one goes beyond the standard definition of a quantum LDPC code then
codes with very good parameters were already known to exist [2, 4].

2In this text, we assume that the reader is familiar with the standard notions of
homological algebra such as a (co)chain complex and (co)homology groups. See [8]
for a short introduction into this subject.
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1.1 Chain complexes and codes

Inrecent years, ideas from homological algebra found many interest-
ing applications in the field of classical and quantum codes[5, 31, 52].
Let us briefly recall that a chain complex is an abelian group C =
;<7 Ci with some fixed morphism 8: C — C called the boundary
map such that 3> = 0 and 9C; C C;i—1 for alli € Z. A complex (C, 9)
is usually represented by a sequence

Jix1 9; 91
RRLLLNe RN SIPER LN

of abelian groups C; and morphisms3 9; == 9d|¢,: Ci — Ci-1 such
that 9; o 9i+1 = 0 for all i € Z. The term C; in a complex C is called
the group of i-chains and the assertion 9; o dj+1 = 0 is equivalent
to imdj41 C ker 9;, which allows us to consider for every i € Z
the quotient group H;(C) = ker 9;/im 941 called the i-th homol-
ogy group of the complex C. The elements from Z;(C) := ker o;
and B;(C) := im 9;41 are called the i-cycles and i-boundaries of C,
respectively. The abelian groups in a complex often come with
some additional algebraic structure that makes them vector spaces
over a field F or modules over a ring R, in which case it is further
assumed that all boundary maps are linear maps.

In the context of error correcting codes, we are interested in chain
complexes C over Fy with 7 non-zero terms (r-term complexes),
where each term C; is based, i.e., comes with a distinguished basis
X;j € C;j over Fg, which elements are called i-cells. In many cases
it is convenient to consider i-chains ¢ € C; as formal Fg-linear

combinations
c= E CxX

xeX;
of i-cells and identify C; with ]ng, where n; := |Xj|. Note that any
space of formal linear combinations FgS = ]Fg is equipped with
the standard inner product (a, b) := Y scs asbs and the Hamming
norm |a| := |supp al|, where suppa := {s € S | as # 0}. We usually
interpret terms in such chain complexes either as the space of code
symbols or parity-checks of the code.

It is convenient to consider the set X = | |; X; as a graded poset
called the cell poset of C = FgX. Let P be a poset with a partial
order <. We say that an element a € P covers an element b € P
and write a < b or b > a if a < b, and there is no element c € P
such that a < ¢ < b. It is easy to see that any finite poset can be
uniquely defined by its covering relation < if we let a < b iff there
exists a sequence ¢y < ¢1 < - - < ¢p of elements from P such that
co =a,cp =b,and n > 0. We can define the partial order < on
the distinguished basis X if for every two cells x, x” € X we put
x" < x iff x" € supp 9x. We call the poset X with the relation <
the cell poset of C. This poset comes with a natural grading function
p: X — Z defined as p(x) := i if x € Xj, and the sets X; are called
levels of X. In many cases, the elements of X can be interpreted
as some geometrical objects (points, edges, etc.), and the grading
corresponds to their dimension.

Remark 2. In this work, we also view an undirected graph T' as
the graded poset with the levels V(I') and E(T'), where for every
v € V(') and e € E(T') we have v < e whenever v is incident to e. In
fact, 2-level posets are equivalent to the incidence systems, and thus

3Sometimes when it does not cause confusion we omit the indexes in the boundary
maps 9; and simply write 9 instead of 9;.
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can be used to represent undirected multigraphs and hypergraphs
as well.

We can visualize a 7-term complex C by the labeled r-partite
graph 7~ called its Tanner graph, where X; is the set of vertices of
the i-th part, and we have an edge (x, x”) labeled by the element
a = (x’,9x) € Fq whenever x > x’. One can easily see that 7 is
just the Hasse diagram of the cell poset X.

Consider several examples. First, we can identify a 2-term chain

complex
n 9 m
Fq — IFq
with the classical linear code ker 9; defined by the parity-check
matrix H := 9;. Here, the space F? of 1-chains corresponds to the
n bits, while the space IF;" of 0-chains to the m checks. At the same

time, a 3-term chain complex

%) 0,
C:=[F"z & F; =

mx
q Fq

can be naturally identified with the quantum CSS [n, k, d]4 code
Q = Q(Hx, Hz) defined by the parity-check matrices Hy = o1
and Hz := d,, where d;: Fg — FZLZ is the transpose of the map
d2: F;"Z — Fg. In this case, the space g of 1-cells corresponds to
the n qubits, and the space IFZLX of 0-cells (resp. the space IF;"Z of
2-cells) to the X-checks (resp. Z-checks). The length of Q is equal
ton = dim IF'Z while its dimension k is equal to the dimension
of the first homology group H;(C) = kerd;/imd, = Cx/C%,
where Cx := kerd; and Cz := kerd,. The minimum distance
d = d(Q) can also be described in the language of homology
groups if we consider the quotient vector space H;(C) as a met-
ric space, where the distance d(A, B) between homology classes
A,B € Hi(C) is defined as d(A,B) := |A — B| using the quo-
tient Hamming norm |A| := mingeg |a|. It is easy to see that
d = min(d(H;(C),d(H1(C*)), where

-
— B = Fy?

* o mx
C" = |Fy q

is the dual chain complex for C. Note that the distances d(H; (C))
and d(H;(C*)) are sometimes called the 1-systolic and 1-cosystolic
distances of C.

1.2 Lifted product

In this work, we consider several new families of classical and
quantum LDPC codes of constant rate based on the introduced
recently lifted product construction [44], which generalizes many
known constructions of quantum LDPC codes [24, 25, 34, 38, 49, 52].
The main idea of the lifted product in its general form (see [44, p. 3])
is to extend the standard tensor product A &g, 8 of two chain
complexes A and B over Fy to a more general product A ®g B
where A, B are free R-modules?, and R = [FyG is the group algebra®
over Fy for some finite group G.

The idea of the lifted product was used recently in [44] to obtain
the first family of qLDPC codes with almost linear distance. In the
4The general definition of the tensor product complex A ®g B over an arbitrary ring R
can be found in [8, p. 7].

5The elements of FgG are formal sums Y e g9, where @y € Fg. For elements
a=Ygec aggand b = 3 e Bgg from FyG their sum a + b and product ab are

defined as follows: a + b := ¥ jec (g + fg)g,  ab = Ygei (Zhr:g a;,ﬂr) g.
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follow-up paper [6], where some of the ideas from [44] were de-
veloped independently, a very similar construction called balanced
product was used to get qLDPC codes of very large distances®. As
in the case of lifted product, the balanced product of two chain
complexes A and B can also be considered as the tensor product
complex A ® B over the the group algebra R = FyG, but this time
A and B are arbitrary (i.e., not necessary free) R-modules. As it was
shown in [6], the G-lifted product and the balanced product can
both be viewed as instances of even more general topological idea
called a fiber bundle, proposed as a way to construct gLDPC codes in
the breakthrough paper [27], which first broke the nt/ 2polylog(n)
barrier on the distance of gLDPC codes. It is also interesting to
note that the codes that were actually used to get the main results
in [6, 27, 44] are from a more restricted class of lifted product codes,
which were previously studied in [43] under the name GHP codes
and shown to have surprisingly good practical error-correcting
performance under the BP-OSD decoder.

Definition 1 (lifted product). Suppose we have a finite group G.
Consider two chain complexes A = P}, A; and B = @?:0 Bj
over Fy such that the vector spaces A; and B; are also free R-
modules’ for R = F4G, and the boundary maps 974: A — A,
dg: B — B are R-linear. The lifted product of A and B over R
is their tensor product complex A ®g B (see [8, p. 7]), where for
k = 0,1,...,m + n the space of k-chains (A ®g B) is equal to
@Hj:k A; ®g Bj, while the boundary map 9: A®g B — AR B
is defined for a € A;, b € B; as®

Aa®gb) :=04a®p b+ (-1)\a®g dgh, (1)
and extended by linearity.

Remark 3. Lifted product can also be used with arbitrary finite-
dimensional associative algebra R over Fq, not necessary equal to
F4G. The condition that the vector spaces A; and B; over Fy are
free FgG-modules is equivalent to the condition that the group G
acts freely’ on their bases over Fg (from the right for A; and from
the left for B;). Moreover, the boundary map 9 is F4G-linear iff
it is an Fg-linear map that commutes with the action of the group
G. In the current paper, if R = FyG we call this operation lifted
product over G or G-lifted product and denote the complex A ®r B
by A ®c B and a ®g b by a ®g b, which is consistent with the
notation for balanced products introduced in [6].

Remark 4. When A; and B; come respectively with distinguished
bases X; and Y; we assume that these bases are invariant under the
action of G. In such cases, by definition, the lifted product complex
A ®G B has the distinguished basis (over Fq) given by

XxgY={x®zy|xeX yeY}

where X := | |; X;, Y := | |; Y;. Hence the basis for the space of
k-chains (A®g B)y is |4 j=k Xi X Yj. Recall that if we have a free

®Note that the codes from [44] are CSS codes, while the codes from [6] are in general
from a wider class of quantum codes called subsystem codes.

7If G is not abelian, then we further assume that R = FgG acts from the right on A
and from the left on B, i.e., A is a right free R-module, and B is a left free R-module.
8We should note that the sign (—1) in this definition is only relevant in the case of
finite fields of odd characteristic.

A left (vesp. right) action of a group G on a set S is called free if for every g € G
when we have gs = s (resp. sg = s) for some s € S, then g is the identity element of G.
Note that the sizes of all orbits of a free action are the same and equal to |G]|.
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action of a group G on a set S, then the size of each orbit is equal to
|G|, and we can identify S with (S/G) X G, where S/G is the set of
all orbits under the action of G. Therefore since the action of G on
X and Y is free, and for every g € G we have xg ®G y = x ®g gy,
one can identify X X Y with the set (X/G) X G x (Y/G).

Remark 5. If the sets X and Y are respectively the cell posets for
A =FgX and B = F4Y, then one can easily check using (1) that
the set X X Y is the cell poset for A ®c B = FgX Xg Y, where
the covering relation > for X X Y is defined as follows: we have
(x,9,y) > (x',g',y) iff either x = x" and (y,9) >y (y’,g’) or
(x.9) >x (x".g') and y = y'.

As one can see, the above definition of the partial order on XXgY
can be applied to any finite posets X and Y with a free action of G.
In the current work, we apply it in the case when X and Y are
2-level posets representing graphs (see Remark 2 and Section 2.1).

Remark 6. If the sets X and Y represent cellulations of some topo-
logical spaces M and N, then X X Y represents the cellulation of
their balanced product'® M xg N (see [6]).

Remark 7. If G acts on a vector space we say that it is a G-module.
For any chain complex C we can consider its dual chain complex
C* obtained from C if we replace the boundary map 9 of C by its
transpose map 9*. It is not hard to see that if C is a left (resp. right)
G-module, then C* is a right (resp. left) G-module. Therefore if
chain complexes A and B are right G-modules, we can consider
the lifted product A ®G B*. In fact, for any set S with a left action
(g,s) ¥ g-s (resp. aright action (s, g) > s-g) of a group G we can
also consider the corresponding right (resp. left) action of G defined
as (s,9) = g~ ! - s (resp. (¢,s) = s - g '). Therefore if a group G
has a right free action on a chain complex C, then it also has the
corresponding left free action on C, and vice versa. This allows us
to apply G-lifted product A ®g B to two right G-modules A and
B, if we use the corresponding left action of G on B.

Given two classical linear codes invariant under a free action
of a group G on their index sets'!, we can represent them by 2-

A B
term chain complexes A: R™@ — R™a and B: R — R™b over
the group algebra R = FyG, where A € R™a*X"a B e R™b*"
are the corresponding parity-check matrices'?. The lifted product
C = A ®¢ B is the 3-term complex
Rnath i Rnath eaRmaan i Rmame
with the boundary map 9: C — C given by the following diagram
Rnume A®gid Rmame
7id®RBT

RMaXny ______, RMaXnp
A®gid

Tid@RB s

19The balanced product of two topological spaces X and Y with a group G acting on
the right on X and on the left on Y is the quotient space X Xg Y := X X Y/~, where
the equivalence relation ~ is induced by (xg, y) ~ (x,gy) forx e X,y €Y, g € G.
1A classical linear code C C Fs is invariant under an action of a group G on the
index set [n] if for every g € G and (c;)ic[n] € C it follows that (Cng(i))ie[n] eC,
where 714 is the permutation corresponding to the action of g on [n].

12If G is non-abelian then when we multiply a vector over R = F4G by the matrix
A (resp. B), we assume that we multiply by the elements from R from the right (resp.
from the left).
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which means that 9, := [_[;%Qz’ff ], 91 = [A ®R id,id ®g B]. One
can easily check that 9 0 92 = A®r B—-A®g B = 0, and C is
indeed a chain complex. Now we can consider the classical code
ker 97 with the parity-check matrix 92 and the quantum CSS code
Q(01,d;) where Cx := ker 91 and Cz := ker 9. We can naturally
identify these codes with the second homology group H2(C) and
the first homology group H; (C) of the complex C, and we use them
to obtain the classical codes from Theorem 1 and the quantum ones
from Theorem 2, respectively. Note that when G is a trivial group,
ie., |G| =1,thenR = Fq, and one can see that ker 92 and Q(91, 8;)
are respectively the tensor product and the hypergraph product of
the two classical codes ker A and ker B. Hence the lifted product
complex A ®c B, which we also sometimes denote by LP(A, B),
can be seen as a generalization of these two constructions, where
instead of individual symbols from Fq we have blocks of |G| symbols

represented by elements from F,G = F(‘IGL

1.3 Expander codes and their products

A very important ingredient of the constructions from [6, 44] is
expander codes [45], which are the Tanner codes [47] obtained from
spectral expander graphs. The individual symbols of the expander
code 7 (T'; h) defined for a w-regular graph I and a parity-check
matrix h € FgX* are assigned to the edges of T, and we get a code-
word precisely when for each vertex v from I the symbols assigned
to the edges connected to v give a codeword of the local code ker h.
We usually identify the code 7 (T'; h) with the complex

a
FgE() 5 FLV(D),

where 9 is its parity-check matrix. Here F¢E(T') = Fg(r) and
IF;V(F) = (FZ)V(F) are respectively the spaces of formal linear
combinations of the edges (over Fy) and the vertices (over ]Fg)
which we can also view as vector spaces over Fg.

In [44] expander graphs I' are obtained as G-lifts (i.e., regular
|G|-fold covers) of some small base graphs, where G is a very large
group'3. Recall that a (left)G-lift (also called regular |G|-fold cover)
of a base graph'* T with some fixed order < of vertices is a graph I
obtained if we replace in the base graph each vertex v € V(I') with
|G| replicas 9y, g € G, and replace each edge e € E(T') connecting
vertices 0,0” € V(T') where v < v’ with |G| replicas é;, g € G, such
;g’ where s = s(0,0") € G.

Every left G-lifted graph I' is naturally equipped with a free
right action defined as 9y - h 1= dyp,, &g - h := egp, for h € G. It is not
hard to see that the obtained in this way expander codes 7 (T'; h)
are invariant under the free action of G. Let us denote the class of
such G-invariant expander codes for a given G-lifted graph I and
parity-check matrix h by T (T'; h). Therefore such codes can be
used with the G-lifted product to obtain a 3-term chain complex C,
which can also be considered as a quantum CSS code.

It is shown in [44, Example 3] that using a G-lifted product of
two classical codes it is possible to obtain qLDPC codes of constant
rate!®. In particular, if p := 1 — m/n is the design rate of a classical

that &; connects in T the vertices g and 9

A
code ker A represented by the complex A := R" — R™, then

3In [44] this general idea was applied to cyclic groups to obtain the main result.
41n the current paper, we allow in the base graph I multiple edges but not loops.
15 A similar observation about balanced products is also made (without a proof) in [6].
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the rate of the quantum code represented by A ®G A” is at least
% = ﬁ. Here A* := R™ A, R" is the dual chain
complex for A, i.e., A* is the transpose of the parity-check matrix
A, considered as a matrix over Fy. Hence the rate of the quantum
codes obtained from A ®; A* can be arbitrary close to 1 as p — 1.
Moreover, some particular examples of such codes [44, Example 4],
indicate that they may also have very large minimal distances, close
to the distances of the classical codes ker A used in the lifted product.
However, if the group G is abelian, then the upper bound on the
minimum distance of such classical codes [44, Eq. 24] provides
strong evidence that to obtain an asymptotically good family of
qLDPC codes by a G-lifted product one has to use non-abelian
groups.

One particular construction of balanced product codes, analo-
gous to the aforementioned G-lifted product A ®g A*, for non-
abelian group G, was conjectured in [6] to give an asymptotically
good family of qLDPC codes. Unfortunately, our proof strategy
does not work for complexes A ®g A*, and we can not prove this
conjecture with the methods developed here. Instead, we consider
similar complexes A ®g B*, where 2-term complexes A and B
correspond respectively to expander codes 7 (I'; h) and 7 (I'; h')
defined for the same expander graph T but for different local codes
ker h and ker h’. It is very simple to show by counting the number
of the code symbols and parity-checks in the classical code ker 92
and the quantum code Q(91, 9;) obtained from A ®c B* that these
codes have constant rate. However, for our proof of Theorems 1
and 2 to work, the pair of local codes used in A ®; B* can not be
arbitrary and should satisfy some special property we call product-
expansion, which is similar to the robust testability property often
used in the context of LTCs [3, 16]. We prove that a pair of ran-
dom linear codes has the product-expansion property with high
probability.

1.4 Double covers of Cayley graphs

Informally speaking, the product-expansion property is the local
property of the complex A ®; B* playing a role similar to the role
of the minimal distance of the local codes in the classical proof of
Sipser and Spielman [45] that expander codes have linear minimum
distances. However, to get the main result we also use the global
property of A ® B* related with the small set expansion'® of the
graph T from the expander codes 7 (I'; h) and 7 (T'; h’). Our main
technical result (Proposition 1) shows that the general construction
A ®G B* can be used with an arbitrary regular graph I' obtained
as a G-lift of a loop-free base graph if T is a sufficiently good small
set expander. We prove that spectral expander graphs and their
finite covers are good small set expanders. Hence we can let the
graph T to be the bipartite double-cover of a Cayley graph for
some finite group G. Let us remind that, given a finite group G
with some symmetric generating set S (i.e. S = {s™! | s € S}), the
corresponding (left) Cayley graph is the simple graph Cay(G, S)
with the set of vertices V(I') := G and the set of edges E(T) :=
{{9.s9} | g € G,s € S}. The bipartite double-cover of Cay(G, S) is
the graph Cay, (G, S) with the set of vertices V(I') := G x {0,1}
and the set of edges: E(T') := {{(g,0), (sg,1)} | g € G,s € S}.

®nformally, a graph is a small set expander if for every sufficiently small set of vertices
S almost all edges connected to it goes outside of S (see Subsection 3.2 for the details).
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Note that we have a free right action of the group G on Cay, (G, S)
defined as (g, a)t == (gt, a) and {(g, 0), (sg, 1)}t := {(gt,0), (sgt, 1)},
where g,t € G,s € S, and a € {0,1}. This is important for the
G-lifted product construction since we need a classical code in-
variant under a free action of G. Let us fix a parity-check matrix
he ]F;XW and a generating set S = {s1, ..., sy }. We can define the
expander code 7 (T'; h) for T' = Cay, (G, S) by its 2-term complex

F4E(T) 3, IF‘;V(F), where for every e = {(g,0), (sig, 1)} € E(T)
and i € [w] we put

de = h; - (g,0) + h; - (sig, 1).

Hence, given any Cayley graph, we can get the expander code
7 (T; h) with a free action of G. In our proof we apply this idea (see
Example 1) to the Ramanujan Cayley graphs [37, 40], which were
also used in the original construction of the expander codes [45]
and in the mentioned earlier conjecture from [6].

The main technical tool in our proof of Theorems 1 and 2 is the
notion of a locally minimal (co)chain, often used in the context of
high-dimensional expanders to show expansion properties in simpli-
cial complexes [30]. It is known that such expansion properties can
be used to show local testability of a classical code [31] and to give
a lower bound on the minimum distance of a quantum code [18].
In the current work, we extend these ideas to a much more general
context of (co)chain complexes with local system of coefficients,
which can be considered as high-dimensional analogs of the Tanner
codes, similar to the ones studied in [41]. Instead of graphs such gen-
eralized Tanner codes are defined on high-dimensional complexes,
which are usually formally represented by graded posets. Since the
G-lifted product is defined for arbitrary complexes, it can naturally
be applied to graphs, viewed as 1-dimensional complexes. If we
consider graphs I and I/ as topological spaces, their G-lifted prod-
uct (as a topological space) can be viewed as the balanced product
I'xg T’ of these spaces [6]. In fact, it can be shown that the products
I' X '/ are examples of a well-known class of 2-dimensional com-
plexes called complete square complexes [50]. The defining property
of a complete square complex is that the links of all its vertices are
isomorphic to a complete bipartite graph. Since complete bipartite
graphs are perfect expanders, then, in some sense, this property
is analogous to the well-known property of high-dimensional ex-
panders to have links that are good expanders [30].

Using the discussed above G-lifted products of expander codes
over non-abelian groups G we show that it is possible to obtain
qLDPC codes with the parameters as in Theorem 2. This gives
a positive answer to the questions posed in [44, Conclusion] and
in [6, Conjecture] of whether respectively lifted and balanced prod-
ucts of classical codes can give an asymptotically good family of
qLDPC codes. Moreover, we also show that, under some additional
assumptions, if Hy and H are the parity-check matrices of such
qLDPC codes, then the classical code ker H} is locally testable with
the parameters as in Theorem 1.

Remark. After the first draft of this manuscript was published
we became aware that a result similar to our Theorem 1 for the
case of binary field F; was independently claimed in [15]. The 3-
term complex used in [15] to get the main result is equivalent to the
balanced product over G of the expander codes [6, 7] defined on two
different Cayley graphs for the same group G. It is interesting to note
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that this construction is similar to the lifted product construction
we consider in the current work (see Remark 5 from [42]), where
instead of the product A ®; B* we propose to use the product
A ®c B and conjecture that this way it is still possible to get
asymptotically good LTCs. The diagrams for A ®g B and A g B*
are given respectively by

RaXmp Aegid RMaXmyp RaXmp Aggid RMaXmyp
—id®RBT Tid@RB > —id®RB*l lid@RB* .
Rnaxnb Rmaxnb Rnaxnb Rmaxnb
A®gid A®gid

One can easily check that the Tanner graphs of the complexes
A QG B and A ®g B* are isomorphic. What is different is the
interpretation of the Tanner graph vertices as code symbols and
parity-checks when we make a code out of the complex. In some
sense, the product A ®¢ B is better suited for LTCs since it gives
classical codes of rate arbitrary close to 1. Hence it is an interesting
open question whether the approach used in [15] can also succeed
on the codes obtained from A ®g B. At the same time, the con-
struction A ®; B*, which we use to prove the main results, is
much better suited for QLDPC codes, since it is symmetric. This
symmetry allows us to prove the lower bound on the Z-distance
of our gLDPC code in the same way as for the X-distance. Besides,
we can get equal number of X-checks and Z-checks, which gives
qLDPC codes of rates arbitrary close to 1.

2 PRELIMINARIES
2.1 Products of graphs

If X and Y are two graphs (considered as 2-level posets), then from
the geometrical point of view the poset X X Y corresponds to the
direct product of X and Y (as topological graphs). At the same time,
the geometrical interpretation of the poset X X Y can be given in
terms of the balanced product of graphs [6]. Note that the 1-skeleton
of X XY, ie., its restriction to the first two levels, is the 2-level poset
representing the graph X O 'Y, which is usually called the Cartesian
product of the graphs X and Y. Recall that for every G-lifted graph T
the group G acts freely on I'. Hence, we can also define the G-lifted
Cartesian product X Og Y for G-lifts X, Y of base graphs X, Y as
the 1-skeleton of X X Y. It is not hard to check that the graph
X Og Y is a |G|-fold cover for the standard Cartesian product X OY.
Furthermore, if G is abelian, then this cover is regular, i.e., X Og %
isaG-liftof X O'Y.

Suppose that I' is a G-lift of some base graph I'. We can view T
as the quotient of I' modulo the action of G, i.e., V(I') = V(I)/G
and E(T) = E(I')/G. Consider the cell poset X := I'xg I', and let us
represent its elements by triples x - g - y, where x,y € V(I') U E(T),
and g € G. From the definition of the poset I'xg I (see Remark 5) it
follows that x" - ¢” - y” > x - g - y iff one of the following conditions
hold:

1) fc;, >p Xgand y = y’;

(2) x =x" and g_;, >t Ggs
where > is the covering relation in the graph I' considered as a 2-
level poset, i.e., its incidence relation. It is convenient to interpret the
poset X as a 2-dimensional geometric object. An element x-g-y € X
is called:
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o avertexifx € V(T),y € V(T');

e a horizontal edge if x € E(T'),y € V(T');

o a vertical edge if x € V(T'),y € E(T);

a faceif x € E(T'),y € E(T),

and the corresponding subsets of elements are denoted as V = V (X),
E_, = EL(X), Er = ET(f(), and F = F(X). We also define the set
E(X) = E(X) UEN(X).

If P is a poset we denote by P* the dual poset, i.e., x <p+ y
whenever y <p x. In what follows, we will also need a poset X :=
I' xg I'*, which is defined on the same set as X = I' xg I’ but
has different partial order. The cell poset X has 3 levels: Xy ==V,
)2'1 = ET UE_,, and )22 := F, while the levels for X are as follows:
X = ET’ X1 =FUV,and X, := E_,.

Remark 8. As we will see in Section 3.3, the poset X = I' x5 I'*
corresponds to the lifted product complex 7 (T; h) ®c 7 *(T; '),
which we use to show the main result. However the levels in the
poset X do not correspond to the natural geometrical dimension of
the cells, and in the proof of our main result it is more convenient
to work with the poset X=T XG T defined on the same set as X, but
giving it a natural geometrical interpretation as a 2-dimensional
complex. To this end we define the incidence relation inc(-, -) on
theset VUE_, U ET U F in a standard geometrical sense, i.e., we
assume that inc(x, y) iff x < y or y < x, where < is the partial
order of the poset X=T XG I.Ifx € X and S,T C X, then we also
use the following notations:

= {y e S |inc(xy),
St :={y € S | inc(x, y) for some x € T}.

Hence Sy is the subset of the elements from X incident to x, and St
is the the subset of the elements from S incident to some element
from T. For example, X, = {v} UE, UF, is the set of all cells incident
to v called the star of v, where E, (resp. Fy) is the set of edges (resp.
faces) incident to v.

For the proof of our main result we will also need the 1-skeleton
A:=T0gT of I'xg T with the set of vertices V(A) := V(X) and
the set of edges E(A) := E(X).

Remark 9. In the proof of the main result in Section 3, when we
mention sets V, E, E_,, Eq, Fora graph A, we refer to the corre-
sponding sets and the graph defined for the poset I x¢ T in this
section unless otherwise stated.

2.2 Complexes with local system of coefficients

In this subsection, we describe expander codes, which are Tanner
codes obtained from expander graphs. We adopt a very convenient
way, used in [41], [6] to represent these codes in the language of
chain complexes and local systems. If ¥ is some abelian group
and X is some n-element set, then we denote by X the abelian
group of all formal linear combinations ), cx axx of the elements
x € X with coefficients ay € F. When n = 1, and X = {x}, we
usually write #x instead of F{x}. If # = F4 then the group X
is isomorphic to the vector space Fg. When ¥ = Fg, the group
FX can be identified with the vector space Fg'" of block vectors
(v1,. . .,0pn) with the blocks v; € FZI” i € [n]. We denote by wt(a)
the standard Hamming weight of a, considered as a vector over Fy.
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We also consider the block weight wty (a) defined as the number
non-zero blocks in a, viewed as a block vector (ay)yex, i.e. we have

wty (a) := card{x € X | ax # 0}.

Sometimes we need to take into account only the blocks that corre-
spond to some subset S C X. In this case, we can define the block
weight wtg(a) := card{x € S | ax # 0} relative to the subset S C X.
We also define suppa = {x € X | ax # 0} and a|s = Y es adx,
where a = ), cx axx.

Let 9: #X — X be the boundary map of C. In some cases, we
want to restrict the domain and codomain of 9. For every S,T € X
we consider the map ds_,7: FS — F7T defined as a — (da)|r.
From the definition it is clear that for every a € #X we have:

(a(als)|r = as—r(als). @

Local systems can be used to obtain a high-level view of a chain
complex over Fj. The main idea is to allow for each element x of
a cell poset X to have its own vector space of coeflicients Fx. For
example, we can represent a Tanner code 7 (T'; h) for a graph T’
(considered as a 2-level poset I' = VLI E) by the complex 7T defined
by the diagram

FE S EY,
where for every v € V we have 7, := F{I and for every e € E we
have ¥, := Fg.

If we have a free action of G on the cell posets X and Y of the
complexes A = FX and B = GY with local systems ¥ and G
respectively, then it is not hard to see that the complex A ®¢ B can
be described as (F ® G)X Xg Y, where ¥ ® G is the local system
for X Xg Y defined as (F ® G)xegy = Fx ®r, Gy

Let us we show that the lifted product over G of two Tanner
codes invariant under a free action of G can also be represented as
a complex with a local system on the poset I' x5 I* from Subsec-
tion 2.1.

A®gid
FgE  FgExGE %% FLV xG E

A
FqE Em— ng RG TB* = T—id@GB* Tid@GB*

r’ r rxr’
PqV FqEXGVqu VXGV

3 PROOF OF THE MAIN RESULTS

This section contains the proofs of the main results. The proofs of
several lemmas are omitted due to space limitations. They can be
found in the full version of the paper [42].

3.1 Local minimality

One of the key ideas used in the proof of our main result is the idea
of local minimality. It was used previously in the context of coho-
mology of simplicial complexes with Fz-coefficients [18, 30]. In the
current work, we extend this idea to a much more general context
of (co)homology of complexes with local systems of coefficients.

Consider an abstract cell complex X and a based chain complex
C = FX of vector spaces

9 E di
RRCiaN o RN o NP N
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over Fg, where  is a local system on X. Denote by | - | the block
weight wty (), which makes each term C; in this complex a normed
abelian group with the norm |- | and allows us to define the distance
in the standard way: d(a,b) := |a — b|, d(a, B) := minycg |a — b|.
We also use |- | to define for every i € Z the corresponding quotient
norm on the i-th homology group H;(C) = Z;(C)/Bi(C) called the
systolic norm by the formula |A| := min,¢ # |a|, where A € H;(C),
B;i(C) = imdj41, Zi(C) = ker 9;. This in turn allows us to define
the distance on H;(C) as d(A, B) = |A — B| and consider the
minimal distance of H;(C) given by the standard formulas:

d(H;(C)) = min  d(A B)
ﬂ,BEHi(C)

= min | min lal.

AeH; (C)\{Bi(C)} acZ;(C)\B;(C)
These distances are related to the minimal distance d(Q) of the
quantum CSS code Q = Q(9;, 9}, ,) over Fy defined by three con-

secutive terms of the complex

i1 9;
Ciy1 — Ci — Ci-1.

It is easy to see that d(Q) > min(d(H;(C)), d(H;(C*))), where we
have the equality if F = Fg for all x € X since the block Hamming
weight wty (+) is less than or equal to the corresponding Hamming
weight wt(-).

Definition 2. We say that an i-chain ¢ € C;, i € Z, is locally
minimal (with respect to X) if |c + dax| > |c| for all x € Xj41 and
a € F5. We also define the value

dI(‘zl(C) =min{|c| | ¢ € Z;(C) \ {0}, ¢ is locally minimal},

which we call the i-th locally minimal distance of C. If we do
not have non-zero locally minimal i-cycles, then we assume that

(i) -
di i (C) = oo

Note that in general the locally minimal distance dﬁ&(C) is
not equal to the minimal distance of Z;(C) since the codewords of
minimal weight from Z; (C) are not necessarily locally minimal. For
example, in the context of w-limited gLDPC codes where |dx| < w
for every x € Xi + 1, and thus we have dx € Z;(C) and d(Z;(C)) <
w, one can see that the codeword ¢ = 9dx is not locally minimal
since |¢ — dx| =0 < |c|.

The next lemma connects the locally minimal distance of the
complex to the properties of the corresponding quantum and classi-
cal codes obtained from it. The first assertion can be used to obtain
the lower bound on the minimal distance d(Q) of the correspond-
ing quantum CSS code @, while the second one can be used to show
that the space Z;41(C) is a locally testable code.

Lemma 1. Let C = ¥X be a chain complex, where ¥ is a local
system on X. Then for every i € Z we have

d(Hi(C)) > P (),
and for every chain ¢ € Ciy1 such that |dc| < d{a(C) we have
loc| > d(c, Zi+1(C)). ®)
ProoF. By definition we have
d(H;(C)) = |col,

where ¢p:= argmin |[c|.

c€Z;i(C)\Bi(C)
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Since the element ¢y has the minimal norm in the coset ¢+ B; (C), it
is also locally minimal. Hence we have d(H;(C)) = |co| > dl(j\z[(C).

We prove the second claim by induction on |dc|. If |dc| = 0 then
d(c,Zi41(C)) = 0, and (3) is true. Consider ¢ € Cjt1 such that
0 < |ac| < d]El) (C). Since dc € Z;(C) and |dc| < d(l) (C), we see
that dc cannot be locally minimal, and hence there ex1sts aeFx
where x € Xji1 such that |9(c + ax)| < |dc| — 1. Therefore by the
induction hypothesis we have |d(c+ax)| > d(c+ax, Zj4+1(C)). Thus
we obtain

d(c, Zi+1(C)) < d(ctax, Ziy1(C))+lax| < [d(c+ax)|+ |ax| < locl,

——
=1
which completes the proof of the second claim. O

3.2 Graph expansion

Let T be a graph!” with the set of vertices V(T') and the set of edges
E(T). If vertices v,0” € V(T) are connected by an edge e € E(T),
we call v, 0" adjacent and denote this fact by v <> 0" or by v <, v’
when we want to emphasize the edge e. A graph T is called w-
regular if all its vertices have degree w. The adjacency matrix of
a graph I with V(T) = {vy,...,0,} is the matrix A(T) = (aij)nxn,
where a;; is the number of edges e € E(T') such that v; < v;.
Since A(T) is a symmetric matrix, it has n real-valued eigenvalues
A1 = -0 2 Ap. Let 15(T) = Ay, and A(T) := max(|Az], |An]). Itis
obvious that A2(T) < A(T).

Definition 3. We say that a graph I is an (n, w, A)-expander if it
is a simple w-regular graph on n vertices such that 1 = A(G).

For any graph T’ we denote by I'? the graph with V(I'?) = V(T)
and A(T?) = (A(I))?, i.e., the number of edges connecting two
vertices in I'? is equal to the number of length 2 paths connecting
them in I'. In this section, we prove several technical lemmas to
establish expanding properties of the graphs A and A2, where A is
the graph defined in Subsection 2.1. If T' = (V, E) is a graph (possibly
with multiple edges), and S,T C E, then by Er(S,T), we denote
the set of oriented edges from S to T, i.e. Ep(S,T) = {(s,e,t) |
e € E;s €St €T;s &, t} (every edge connecting s,t € SN T is
counted twice). We also usually write E(S, T) instead of Er (S, T) if
the graph T is clear from the context.

Let us now state without proof a well-known variant of the ex-
pander mixing lemma for (n, w, A)-regular graphs [28, Lemma 2.5].

Lemma 2 (Expanding mixing lemma). IfT = (V,E) is an (n, w, A)-
expander graph, then for every S,T C 'V we have:

WS

[E(S,T)| - AVISHIT].

Example 1. Let us now consider the infinite family of (p + 1)-
regular non-bipartite Ramanujan graphs X?*9 from [37], where
p and g are two unequal primes such that ¢ > 24/p, p = q =
1 (mod 4), and p(q_l)/z = 1 (mod q). The graph X4 is obtained
in [37] as the Cayley graph Cay(G, Sp,q), where!® G := PSL(F )
and Sy g is some specific symmetric set of p + 1 generators. Denote
by X?4 the corresponding double-cover Cay, (G, Sp,q). Hence X9

71t may have multiple edges but we do not allow loops in the current work.
8The group PSL(]FZq) is the projective special linear group for ]Ffl, i.e. the quotient of

the group of matrices A € F5* with det A = 1 modulo its subgroup {# (§{)}.
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is a (p + 1)-regular bipartite graph with n = 2 |G| vertices, where
|G| = q(q* — 1)/2. Since it is proved in [37] that A(XP9) < 2D,
then we also have 15 (X?9) < 2+/p.

In what follows, it will be convenient to define a property called
(a, A)-edge-expansion, which captures the edge expansion on small
sets of vertices in a graph.

Definition 4. We say that a graph T is (a, A)-edge-expanding if
for any S,T € V(T') such that |S|, |T| < a the following condition
holds:

|E(S, T)| < AVISIITI.

Note that E(S, S) is twice the number of the edges connecting the
vertices inside the set S in I'. Hence if A = o(w), and I' is a w-regular
(a, A)-edge-expanding graph, then for all sufficiently small sets S
we have |E(S,S)| < A|S], i.e., almost all edges goes outside of S in T".

Lemma 3. IfT is an (n, w, A)-expander graph, then it is (An/w, 21)-
edge-expanding.

Proor. If T is w-regular, then from Lemma 2 it follows that for
any S, T C V(T) such that |S], |T| < An/w we have

|E(S3 T)' -

AVISIIT].

Hence we get

IE(S,T)| < w '” SITL, 3 isiiT < (——+/1)\/5||T 224/,

and the lemma is proved. O

Lemma 4. If for some finite group G a graph T is a G-lift of an (a, A)-
edge-expanding base graph T, then T is (a, |G| - 1)-edge-expanding.

Proo¥. Consider subsets S, T C V(I') such that |S], |T| < a, and
let S, T C V(I) be their projections'® to the base graph T. Since
each edge of T is the projection of m = |G| edges from I', then using
the edge-expansion of the base graph I' we have:

mAy|S||T| < mAV|S||T). ]

Lemma 5. Every graph XV~ from Example 1 is (n/v/w, 8y/w)-
edge-expanding, where n = t(t? — 1) is the number of its vertices.

|E(S,T)| < mlE(S, T)| <

PRrOOF. Since the Ramanujan graph X"~ is an (n/2, w, 2y/w)-
graph, then by Lemma 3 it is (n/+/w, 4y/w)-edge-expanding. More-
over, since the graph XW=Lt ig 4 2-lift of X¥~ 1! then by Lemma 4
it is (n/+/w, 8y/w)-edge-expanding. o

Lemma 6. Let x1,....,xp € Ry, y1,....yn € Ry be sequences of
non- negative real numbers. Then min;e[,] xiyi < X7, where X =

1
Z:l 1%, Y Z;‘l 1 Yi-

Proor. The proof follows from the Cauchy-Schwarz inequality
for the vectors (vx;)IL; and (\7,)1,. u]

Lemma 7. If a w-regular graphT is (a, A)-edge-expanding, then the
graphT? is (a/w, 21%(1 + In w)) -edge-expanding.

9The projection of a vertex (v,g) € V(T) is the vertex v € V(T).
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Proor. Let S,T C V(T) and |S|,|T| < a/w. There are at most
w|S| < a vertices adjacent to the vertices from S. Let vy, 0y, ... be
the sequence of the vertices incident to S in the decreasing order
of the number of length 2 paths from S to T that goes through each
of these vertices. Consider the set U; = {v1,...,0;} of size j < a.
By the edge-expansion property of the graph I' we have

|Er (U, )| < AVJlIS|, |Er (U, T)| < AVJITI.

Hence, using Lemma 6 with n = j, x; = |[Er ({0;}, S)|, yi = |Er({vi}, T)|
the number of length 2 paths through the vertex v; is

Er(U;,S)| |Ep(U;, T A2ISIIT
xjy; = min xiy; < |Er( i )l Er( i )] < |.|| I.
ie[/] J J J

On the other hand, the degree of each vertex in T is w, and hence

the total number of pairs of edges incident to each vertex is w?.

Hence, if we let g := A24/|S||T], then the total number of length 2
paths from S to T can be estimated as

Ly Ly 1
|E1~z(5,T)|<Zmin(w2,y/j):wz.%+ﬂ $ ot
= j=lutwe?
< p(2+lny—ln(y/w2))
=2u(1+lnw) = 222(1 + Inw)/|S||T).

Above we truncate the summation at j = | u] since for j > u the
number of length 2 paths going through the vertex v; is less or
equal to min(w?, /) < 1, and therefore is equal to 0. Thus there
exist at most 2A%(1 + In w)~/|S||T| edges from S to T in T2, and I'?
is (a/w, 2A%(1 + In w))-edge-expanding. o

3.3 Proof outline

In this subsection, we give some definitions and an informal idea of
the proof of our main results. Let I' = (E, V) be a G-lift of some base
graph T. We assume that I is a w-regular (a, 1)-edge-expanding
simple graph with n vertices. For example, we can use an infinite
family of graphs X¥~1¢ from Example 1, where by Lemma 5 we
have a = n/\/w, A = 8+/w.

Leth e FZIXW, KW e F{I/XW be some full rank matrices, and A €
T(T k), B € T(L,K) be the corresponding G-lifted Tanner

codes:
I RN I
A= FqE—>IFqV, B= FqE—>]FqV.

Now since G acts freely on A and B, we can consider their G-lifted
product complex C := A ®g B* over Fy shown below:

Cr Cv

Fob e FlV 2 Byl 0g Pyl 0 FLV 86 F V 25 FLV @G Fof
q®Gq—>q®Gq€Bq®Gq—>q®Gg.

C, G Co

It is convenient to represent C as the the chain complex FX,
where F is the local system on X := I' x5 I'*. Since the poset X has
three levels: Xz = E,, X = FUV, and Xo = Ey, it is not hard to
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dn ®id h®id
F Eq Fy ! Epy

id@h/ﬁ
h®id
dg®id | ? — | v
E_, |4
E_ sy

id ® 9g- id ® dg+ id® h'*

Figure 1: High-level view of the tensor product complex
A ® B* over Fz, where A € IT(Dy;h), B € T(Dy; k'), and
w = 8 (on the right); and its part that corresponds to the ele-
ments from X incident to the vertex v (on the left).

see that 7 X has the following form:

cr Cv
2 0
r’ 2 rxr’ 1 r
]Fq E, — FgF EBIFq V— ]FqET,
S~— S— S~—
C Ci Co

i i r g rXxr’
where we identify Fy ® F; with Fg™".

Remark 10. As we can see, ¥ X gives us a high-level representation
of the complex C. For example, on the left of Fig. 1 you can find
a graphical representation of the tensor product complex A ® B*,
where A € T(Dy;h), B € T(Dy; h'), and w = 8. For simplicity
we consider in this example the tensor product instead of the G-
lifted product. On the right of Fig. 1 you can see the “part” of
this complex corresponding to the faces and edges incident to one
particular vertex v € V.

Now we consider the classical code Z>(C) = ker 9, and the quan-
tum code Q(C) := Q(d1, 9;), and show that for some sufficiently
large number w we can choose the matrices h, h” such that Z»(C)
and Q(C) satisfy the requirements of Theorems 1 and 2, respec-
tively. The most difficult part of the proof is to show that Z»(C) is
locally testable, and Q(C) has linear minimum distance. However,
from Lemma 1 it easily follows that if C has the locally minimal

distance d{ll\/)[(C) = O(n) as n — oo, then both Z5(C) and Q(C)
have the desired properties. Therefore we need to show that for
every locally minimal 1-cycle ¢ € Z;(C) such that |c| = o(n) as
n — oo we have ¢ = 0, where |c| = wtx (c) is the block weight of c.

Let us fix some non-zero locally minimal 1-cycle

c= Z cxx € Z1(C).

xeXy

Hence we get ¢ # 0 and dc = 0. We have ¢ = cp+cy, where ¢ = c|f
and cy := c|y. Below we give a number of important definitions
used in the rest of the paper. Note that some of them depend on the
fixed 1-cycle c. However, for brevity, we usually do not mention c.

Definition 5. An element x € X; (a vertex or a face) is called
active if ¢y # 0. A vertical edge e € X(0) is called active if it is
incident to an active vertex or an active face. Furthermore, e is
called face-active if it is not incident to any active vertex (only to
an active face).
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We also need another type of vertices we call labeled that include
active vertices as a special case. However, the number of the labeled
vertices is O(]c|), and we can still use the expansion properties
of the graphs involved in the proof. We define the set of labeled
vertices as the minimal set of vertices such that:

(1) every active vertex is labeled,;
(2) every vertex of a face-active edge adjacent in A to at least m
labeled vertices is labeled.

We also consider 2 types of labeled vertices:

(1) avertexis called m-edge-expanding if there are at least m edges
connecting it to the labeled vertices in A;

(2) avertex is called s-face-expanding if there are at least s edges
connecting it to the labeled vertices in A%.

In the proof outlined below, we consider classical codes that are
duals of the product codes. In Subsection 3.4 we define a special
property of such codes called (s, m, )-product-expansion.

Fix ¢ := 1/6, and put m := wl/2¥¢ s .= I+ From Lemma
10 it follows that we can find a sufficiently large number w and
choose matrices h and b’ with w columns such that both pairs
(im h*, ker h’) and (ker h, im h’*) are (s, 2m, )-product-expanding.

In the proof, we often use expansion properties of the graphs A
and A2, where A :=T' Og I' is the graph defined in Subsection 2.1.
Using the edge expansion of I' we show in Lemma 11 that A is
(©(n), A')-edge-expanding where A’ = @(wl/z). We also show
in Lemma 12 that A? is (6(n), 1”")-edge-expanding, where 1"’ =
O(wlnw).

Suppose that |c| = 0(n), i.e., the number of the active vertices and
faces is relatively small. Then the proof by contradiction contains
the following steps.

(1) Since each labeled vertex is either active itself or incident
to an active face, then the number of the labeled vertices is
O(|c|) = o(n). Hence we can use the expansion properties
of the graphs A and A? for subsets of labeled vertices.

(2) Using the expansion properties of the graph I it is possible
to show that each face-active edge is incident to a labeled
vertex (Lemma 14).

(3) Note that, by definition, each labeled non-active vertex is
m-edge-expanding.

(4) Using local minimality of ¢ and (s, 2m, ff)-product-expansion
of (im h,ker h”) we can show that each active vertex is either
m-edge-expanding or s-face-expanding (Lemma 15—the key
lemma).

(5) From the previous 2 items we have that each labeled vertex
is either m-edge-expanding or s-face-expanding (Corollary
1).

(6) Thus using the expansion properties of A and A? we obtain
a contradiction (Lemma 16):

(a) from the (©(n), A’)-edge expansion of A we obtain that
the fraction of the m-edge-expanding labeled vertices is
©(A’'/m) < 1/2for asufficiently large w since A’ = o(wl/?)
and m = @(wl/2*¢);

(b) from the (©(n), A”’)-edge expansion of A> we obtain that

the ratio of the s-face-expanding labeled vertices is ©(1"/s) <

1/2 for a sufficiently large w since 1’ = @(wlnw) and
s = @(Wl+€);
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(c) the ratio of the labeled vertices that are either m-edge-
expanding or s-face expanding is less than 1, which can
be true only when the 1-cycle c is zero.

Since we obtained a contradiction, we have that |c| = ©(n), i.e., the
locally minimal distance d]Ellv)I(C) = ©(n) as n — oo, which is in
turn of the same order as the length of the classical or quantum
codes obtained from the chain complex C. Hence by Lemma 1 we
get what we need.

3.4 Local expansion

In this section, we consider the dual code to the classical product
code [11, 51] and study its properties?’. Such codes are related to
the local properties of the G-lifted product of two Tanner codes.
Let ker h C Fy and ker i’ C FY be linear codes with parity-check
matrices h and h’ respectively. Consider the code C = ker(h®h’) C
Fy' ®Fy'. We will identify the elements of Fyy @ Fy’ with the matrices
x = (xj i‘?}jzl € F;;"XW and denote by x' (resp. x;) the i-th row
(resp. the j-th column) of x. Note that the matrix h ® h’ is also
a generator matrix for the product of the codes (ker h)* = im h* and
(ker i)+ = im h’* with the generator matrices h, h’ respectively,
which means that C is the dual to this product code.

Remark 11. Using matrix representation, it is not hard to check
that the codewords of C are precisely the matrices x € IF‘(‘I“’ *W such
that h’xh* = 0. Therefore if x € C then every row of the matrix
st := h’x is a codeword from ker h and every column of the matrix
s— = xh* is a codeword from ker h’.

Definition 6. A codeword x € C = ker(h®#h’) is called A-minimal
if the following conditions hold:

(1) wt(x?) < d(x%, ker h) + A for all i € [w],

(2) wt(xj) < d(xj kerh’) +Aforall j € [w],
which means that we cannot decrease the weight of the matrix x
by more than A if we add any codeword from ker h (resp. ker h’)
to some row (resp. column) of x. A pair of codes (ker b, ker h’) is
called (s, m, §)-product-expanding if for each non-zero fw-minimal
codeword x € C and for each A, B C [w] such that |A|,|B| > w—m
we have wtaxp(x) > s, where wtaxp(x) := wt(x|axB)-

In this section, we often use the following short-hand notations:
xl = X|rx[w]s XJ = *|[w]xJ> and x} = X|1xj, where x € F;"XW,
LJC[w].

Lemma 8. Leth € FXV, b’ € FZIIXW be parity-check matrices such

that min(d(ker h), d(ker h’)) > d, and x = (xj.)}“’}.:l € Fy™Y bea
d/3-minimal codeword of ker(h ® h’). If there exist A, B C [w] such

that |A| > w—d/3,|B| > w—d+1 andxg =0 orx‘; =0, thenx = 0.

Lemma9. Leth € FX", h' € ]F;/XW, d = min(d(ker h), d(ker b)),
m < d/6. Suppose x € ker(h ® h’) is a d/3-minimal non-zero code-
word such that wtaxp(x) < s forsomeA, B C [w], |A| = |B| = w—m.
’ 5  d*

Thentkh'x > z¢ - 5.

Lemma 10. Lete € (0,1/4), 2 > 0,y > 0,R; € (0,1), Rz € (0,1).
Then there exist f > 0 and 8 > 0 such that for random?' matrices
20The property we consider is similar to the robust testability property of tensor product
codes, often studied in the literature on LTCs [3, 16].

2'We suppose that the entries of the both matrices are chosen uniformly and indepen-
dently at random from F.
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h e FLRwbaw g € F%Rz wPW e following three conditions hold

with high probability as w — oo:
(1) min(d(ker h),d(img"*)) > Sw;
(2) the matrices h and g’ have full rank;
(3) the pair of codes (ker h, im g’*) is (aw'*¢, yw'/2*¢, B)-product-
expanding.

3.5 Global expansion
In this subsection, the graph A is the graph from Subsection 2.1.

Lemma 11. The graph A is (a, 2A)-edge-expanding.
Lemma 12. The graph A? is (a/2w, 8A%(In w + 2))-edge-expanding.

In the rest of this subsection, we assume that ¢ is some fixed
locally minimal 1-cycle in the complex X from Subsection 3.3.

Lemma 13. Ifdc = 0, then each face-active vertical edge is incident
to at least d(ker h) active faces.

Proor. Consider a face-active vertical edge e. Then F, is the set
of faces incident to e, and V, is the set of (two) vertices incident to
e. Since e is face-active, c|y, = 0 but c|f, # 0. Since (dc)|. depends
only on c|f, and c|y,, then using (2) we have

0= (dc)le = (3(clr, + clv, Nle =, —e(clF,)
——
=0
Since 9, e ~ h, c|f, # 0, and df, ¢ (c|F,) = 0, we have that the
number of active faces incident to the edge e is

wt(c|r,) > d(ker 0, ) = d(ker h),

and the lemma is proved. O

Lemma 14. Ifd(kerh) > 2m+ A, dc = 0 and wtx (c) < a/w, then
every active edge is incident to a labeled vertex.

Proor. The number of active vertical edges is at most wtx (c)w <
a.Let S C Eq be the set of active edges that are not incident to a la-
beled vertex, and A C E4 be the set of all active edges. If an active
edge is not incident to labeled vertices, then it is not incident to
active vertices (every active vertex is labeled). Then, by definition
it is face-active, and hence S is a subset of face-active edges.

Consider the subposet Ag = Eq U F of the poset X. Since each
face from F is incident to exactly two vertical edges from Ey, Ap
can be interpreted as a graph with V(Ag) = Ey and E(Ag) = F.
We have

Ao={x-g-ylxeV(I)UED),ycET).geGt= | | A
yeE(T)
where
AY —(x.g-y|xe V(') UET),g € G} ~T.

It is not hard to see that Ag has the same edge expansion as T, i.e.
it is (a, A)-edge-expanding. The sets S and A can be interpreted as
sets of vertices of graph Ag. From the edge expansion of Ag we
have |Ep (S,9)| < A[S|.

On the other hand, by Lemma 13 since each edge e € S is face-
active, it is incident to at least d = d(ker h) active faces, hence in
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the graph Ag it is adjacent to at least d > 2m + A active edges,
therefore |Epg (S, A)| = (A + 2m)|S|. Thus

|EAg (S, AN S)| = |EA, (S, A)] = |EA, (S, )]
> (X +2m)|S| = A|S] = 2m]S].

Suppose, |S| # @. Then there exists an edge e € S adjacent to
2m edges ey, ...,e2m € A\ S in Ag. By the definition of A and S
each of the edges e; is incident to some labeled vertex x;, which is
adjacent to one of the two vertices of e in A. Hence, there are 2m
different labeled vertices adjacent to one of the vertices of the edge
e, and therefore one of these vertices is adjacent to at least m labeled
vertices, therefore it is labeled by definition. This contradicts the
fact that the edge e is from S and cannot be incident to labeled
vertices. Hence S = @, and the lemma is proved. O

Lemma 15 (key lemma). Suppose the pair of codes (ker h, im h'*) is
(s, 2m, p)-product-expanding, h’ has full rank, pw > 4m+3,d > 4m,
and m > max(4s/d, ) where d = min(d(ker h), d(im h’*)). If ¢ is
a locally minimal 1-cycle, and wtx (c) < a/w, then for each active
vertex v one of the following conditions holds:

(1) v is m-edge-expanding (i.e., it is adjacent to at least m labeled
vertices in A);

(2) v is s-face-expanding (i.e., it is adjacent to at least s labeled
vertices in A?).

ProOOF. m}

From Lemma 15 and the definition of the labeled vertices we
obtain the following result.

Corollary 1. Suppose the pair of codes (ker h,im h'*) is (s, 2m, f§)-
product-expanding, fw > 4m + 3, d = min(d(ker h), d(im h'*)) >
4m, and m > max(4s/d, A). If ¢ is a locally minimal 1-cycle, and
wtx (c) < a/w, then for each labeled vertex v one of the following
conditions holds:

(1) v is m-edge-expanding (i.e. it is adjacent to at least m labeled
vertices in A);

(2) v is s-face-expanding (i.e. it is adjacent to at least s labeled
vertices in A%).

Proor. If the vertex v is active, then the lemma assertion is true
by Lemma 15. Otherwise, by definition, the vertex v is adjacent to at
least m active vertices in A, and hence it is m-edge-expanding. O

Lemma 16. Suppose the pair of codes (ker h,im h'*) is (s, 2m, f§)-
product-expanding, fw > 4m + 3, d = min(d(ker h), d(im h'*)) >
4m, m > max(4s/d,21’), and s = 21" where** )’ = 21 and A"’ =
8%2(Inw + 2). If ¢ is a locally minimal 1-cycle, and wtx (c) < .,
then ¢ = 0.

ProoF. Let L be the set of labeled vertices. Then by Corollary 1
each vertex v € L is either m-edge-expanding or s-face-expanding,
ie. L = Lo U Ly where L, is the set of m-edge-expanding vertices,
Ly is the set of s-face-expanding vertices. By definition we have

|Ea(Le, L)| > mlLe, |Ep2(Lg, L)| = s|Lg]. 4)

22The parameters A’ and A correspond to the edge expansion of the graphs A and A?.



STOC ’22, June 20-24, 2022, Rome, Italy

Since each labeled vertex v is either active (v € supp cy) or incident
to a face-active edge, and hence adjacent to at least d active faces,
we get

|L| < wtx (cy)+dwtyx (cr)/d < wix (cy)+wix (cp) = wix(c) < 21
w

Hence by (a, A")-edge-expansion of A we have

|E(Le, L)| < A'VIL||Le]-

Similarly, from (a/2w, 1’’)-edge-expansion of A? we obtain

IE(Ly D] < A7 fILIILg.
Taking into account (4), we obtain
siLgl < 27 \JILIILs )

m|Le| < A'VILI|Le],
and hence
" /1’2|L|<IL| Ll < /1”2|L|<|L|
el X m x 4 5 f X s X 4 .
Since |L| = |Le U L¢| < |L|/2, we obtain |L| = 0. Since each active
vertical edge by Lemma 14 contains labeled vertices, we have that
the number of active vertical edges is 0, and hence ¢ = 0. ]

3.6 Proof of the theorems

Proposition 1. Forevery finite field Fq, intervals (po, p1), (pg, p7) S
(0,1), constant u > 0, and infinite set W C N, there exist ma-
trices h € F", h' € ngw for sufficiently large w € W such
that r/w € (po,p1), r'/w € (pg, p1), and for every G-lifted w-
regular (a, p\'w)-edge-expanding simple graph I' and Tanner codes
A € Ta(Tsh), B € T3 h') with a free action of a group G we
have
dﬁ;\}[(ﬂ ®c B*) = a/2w,

dIEIl\/)I(B ®c A*) = af2w.

ProoF. Let w be a parameter which we will fix later. Define
£ :=1/6, m = wl/Ze o = gylte o L%(po +p1)wJ, r’ o=
|_%(p6 +pi)wJ. By Lemma 10 with a := 1, y := 2, there exist
P1, P2 > 0 and 61, 82 > 0 such that for random matrices h € FZIXW,
K e IF;/XW as w — oo the following three conditions hold with
high probability?3:

(1) the matrices h and h” have maximal rank, i.e.tkh = r,tkh’ =

r';
(2) the pair (ker h,im h’*) is (s, 2m, f1)-product-expanding and
min(d(ker h),d(imh’*)) > S;w;
(3) the pair (im h*, ker #’) is (s, 2m, f2)-product-expanding and
min(d(ker h’), d(im h*)) > Sow.
Therefore by the union bound for a sufficiently large wy € N for
every w > wy there exists a pair (h, h’) that satisfies these three
conditions. Let f := min(fBi, f2), d := min(8y,52)w, A == py'w,
A =22, 1" := 82%(Inw + 2). We have
d=0(w), A =0(w?) = o(m),
1
m=0(wz*) =o(w) A =0(wlnw) = o(s),

ZNote that Lemma 10 is used here twice. First time h is interpreted as a parity-check
matrix, but 4’ as a generator matrix, and the second time vice versa.
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as w — oo. Hence there exists wy such that for every w > wj the
following inequalities hold:

d>4m, pw>4m+3, m > max (%,21'), s>217. (5)

Since the set W is infinite, we can take w := min{w e W | w >
max(wo, wi)} and fix some pair (h, h’) that satisfy the conditions
1-3. Now consider a G-lifted (g, A)-edge-expanding graph I and
some G-lifted Tanner codes A € T (I3 h), B € T R).

Since min(d(ker h), d(ker h’), d(im h*), d(im h’*)) > d, and con-
ditions (5) hold, we can apply Lemma 16 to the pair of codes (h, h’)
and obtain that every non-zero locally minimal 1-cycle of the chain
complex A ®; B* has the weight at least a/2w. Hence we have

A2 (A @G B*) > af2w.
Since lemma 16 is also applicable to the pair (h’, h), we have
d (B &G A*) > af2w,

which completes the proof of the proposition. O

Theorem 1. For every number R € (0,1/2) and finite field Fy it
is possible to find universal constants s and w such that there exists
an explicit family of (w, s)-locally testable classical LDPC codes with
the parameters [n,k > Rn,d = ©(n)]q asn — oo.

Proor. Fix some R € (0,1/2) and put ¢ := (1 — 2R)/(6 — 2R).
Note that for any w from the infinite set W := {p+1 € N |
p =1 mod 4 and p is prime} there exist infinite family of graphs
Xw~L! from Example 1. By Lemma 5 every graph I' = XW~1¢
is (no(t)/+/w, 8y/w)-edge-expanding, where ng(t) = t(t> — 1) =
|[V(T)|. Consider the chain complex

C:=T({,h)®c T (T;h),

with the boundary operator 9, where G := PSL(]F?), and h, h’ are
the parity-check matrices of the local codes, which we will fix later.
Let | -| be the block weight norm wtyx (-) defined on C, considered as
a chain complex with a local system on the cell poset X =T xg I'".
By Proposition 1 for the intervals (1 —¢, 1), (0, ¢) and the parameter
p = 8 there exist w € W and matrices h € FX", h’ € FZI’XW such
that for every I' = X*~1! we have

di(C) > mo(t) /2w

wherer/w > 1—¢,1’/w < e.Let n := dim C; and m := dim Cy, then
n=no(t)rw,m= %no(t)(w2 +4rr’). Hence d{ll\/)[(C) > m >
L. By Lemma 1 for all ¢ € C; we have
2w

loc| > min(d 1} (C), e+ Zz(C)I).

Since |y| < wt(y) for y € C and wt(c) < r|c| < w]c| for ¢ € Co,
taking into account that n > wt(c + Z2(C)) finally we obtain

n  wt(c+2Z3(C))

wt(dc) > min > l/zwt(c+Zg(C)).

2w7/2’ w 2w’
We have
m_w2+4rr’_1+4§v'$—v 1+4e —1-R
n 2rw  2r/w  2(1-¢) '
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In particular, we have m < n, and hence

-7/2 -7/2
hid - wt(c+ Z2(C)) > hd

%Wt(&c) > wt(c+ Z2(C)).

n
Therefore the code Z3(C) is (w, s)-locally testable where w := 2w
and s = %w_7/2. For the dimension k = dim Z,(C) we have k >
n—m > Rn.

To complete the proof we also need to show that the linear
code Z5(C) has the minimal distance ©(n) as n — oo. It is not
hard to see that the minimal distance of Z2(C) is not less than
the distance of the component Tanner code 7" (X~ h), which is
a classical expander code [45]. Thus, as it follows from the proof of
Proposition 1, we can fix a sufficiently large number w such that
d(ker h) > A2(X¥ 1) and obtain that d(7 (X™ 1, h)) = O(n) as

n — oo, O

Theorem 2. For every number R € (0,1) and finite field Fy there
exists an explicit family of quantum LDPC codes over Fq with the pa-
rameters [n,k > Rn,d = ©(n)]q asn — co.

Proor. Fix some R € (0,1). Note that for every w from the
infinite set W := {p+1 €N | p =1 mod 4 and p is prime} there
exist infinite family of graphs X =1 from Example 1. By Lemma 5
the graph T' = XW~ ¢ is (n(t)/+/w, 8y/w)-edge-expanding where
no(t) = t(t* = 1) = |V(T)|. As in the proof of Theorem 1, we
consider the complex C = 7 (T'; h) ®G 7 *(T; h’) with the boundary
operator d where G = PSL(IF‘%). Let | - | be the block weight defined
on C. By Proposition 1 for pg = p; = 0, p1 = p; = (1 - R)/4, and
p = 8 there exist w € W and matrices h € FX", h’" € IF“’;XW such
that for all T = X¥~1f we have

dV(C) > no0 /2w, dD(C) > no(t) /2w

where r/w < (1-=R)/4,r’/w < (1 —R)/4. Let n := dim Cy, then
n= %no(t)(w2 +4rr’) < w?ng(t). The chain complex C defines the
quantum CSS code Q = Q(Hx, Hz) with the parity-check matrices
Hx := 01 and Hz := d;. By Lemma 1 for the complex C we have

no(t) . _n
2wyw  2w7/2’

Similarly, since the dual chain complex C* is isomorphic®* to the
chain complex 8 ®; A”*, then by Lemma 1 we have

dz(Q) = d(H;(C*) > 1) (C*) >

dx(Q) = d(H(C)) > d})(C) >

n
2w7/2’

and hence d(Q) = min(dx(Q),dz(Q)) > %n/w7/2. To complete
the proof we also need to estimate the dimension k = dim(H;(C))
of the quantum code Q. We have

rw
dim Cy = no(t)rw = 2n——— < n(1 - R)/2,
w2 +4rr’

7’

dim C; = no(t)r’w = 2n <n(1-R)/2,

w2 + 4rr’
and therefore
k =dim(H1(C)) 2 n—dimCy — dim C;

>n-n(1-R)/2-n(1-R)/2=nR.
24We say that two based chain complexes C and C’ over [Fg with distinguished bases

X and X’ are isomorphic if there exists a one-to-one Fy-linear map f: C — C’ such
that f(X;) = X for every i € Z.
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Thus Q is a w-limited quantum CSS code with the parameters
[nk > Rn,d > %n/w”z}]q. O

CONCLUSIONS

In this work, we showed that there exist asymptotically good fami-
lies of quantum LDPC codes, which proves the well-known qLDPC
conjecture. We also conjecture that a decoder, similar to the small-
set-flip decoding algorithm from [36] (see also [18]), can be used
to correct in linear time any adversarial errors up to the constant
fraction of the code length.

The constructed qLDPC codes were obtained from the G-lifted
product of two G-lifted Tanner codes, and to obtain gLDPC codes of
linear minimum distance a non-abelian group G was used. In fact,
it is not hard to see that Proposition 1 implies that using the C,-
lifted product of two C,-lifted Tanner codes from [44], where Cy is
the cyclic group of size £ = ©(n/log n), one can obtain qLDPC codes
with the parameters [n,k = ©(n),d = ©(n/logn)]q as n — oco.
Note that very recent results on explicit C,-lifted expander graphs
from [29] implies that the construction of these QLDPC codes can
also be made explicit.

In addition, as a byproduct of our proof of the gLDPC conjecture,
we show that the second homology groups of the constructed in this
work chain complexes can be used to obtain asymptotically good
families of classical LDPC codes, which are also locally testable with
constant query and soundness parameters. This resolves an impor-
tant conjecture in the field of locally-testable codes®’.

Though all the constructions we propose here can be consid-
ered as explicit, the constant size local codes used in our expander
codes are still obtained by probabilistic methods. We think that it
is an interesting open problem to find an explicit construction of
such codes. One possible option would be to use MDS codes such
as Reed-Solomon codes. In fact, such non-binary local codes can be
used even if we want to get codes over Fy since every classical and
quantum code over Fas can be also considered as a code over Fa,
and the rate and minimal distance of such a code is at least as good
as for the non-binary one. However, it is not clear whether one
can find a pair of MDS codes that satisfies the product-expansion
property required for our proof to work.

We also hope that some of the methods developed in the current
work can be used to show the existence of locally-testable qLDPC
codes required to prove the qLTC conjecture, which in turn im-
plies [17] the NLTS conjecture. A natural candidate for such a code
would be a 5-term chain complex, where the three middle terms
corresponds to a good qLDPC code, and the remaining two terms
represents its X- and Z-meta-checks (i.e., checks on checks). In
fact, similar 5-term complexes were already used in the context of
single-shot decoding of qLDPC codes [10, Figure 1].
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